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In a recent paper Carot et al. considered the definition of cylindrical symmetry 
as a specialisation of the case of axial symmetry. One of their propositions states 
that if there is a second Killing vector, which together with the one generating the 
axial symmetry, forms the basis of a two-dimensional Lie algebra, then the two 
Killing vectors must commute, thus generating an Abelian group. In this paper a 
similar result, valid under considerably weaker assumptions, is derived: any two- 
dimensional Lie transformation group which contains a one-dimensional subgroup 
whose orbits are circles, must be Abelian. The method used to prove this result 
is extended to apply to three-dimensional Lie transformation groups. It is shown 
that the existence of a one-dimensional subgroup with closed orbits restricts the 
Bianchi type of the associated Lie algebra to be I, II, III, Vllq^Oi VIII or IX. 
Some results on n-dimensional Lie groups are also derived and applied to show 
there are severe restrictions on the structure of the allowed four-dimensional Lie 
transformation groups compatible with cyclic symmetry. 



1 Introduction 

Following Carter^ a spacetime is said to have cyclical symmetry if and only 
if the metric is invariant under the effective smooth action SO{2) x AA ^ M 
of the one-parameter cyclic group 50(2). A cyclically symmetric spacetime in 
which the set of fixed points of this isometry is not empty is said to be axially 
symmetric and the set of fixed points itself is referred to as the axis (of symme- 
try). Mars and Senovillaa proved a number of useful results on the structure 
of the axis. Carot, Senovilla and Veratl considered a definition of cylindrical 
symmetry based on the following proposition: if in an axial symmetric space- 
time there is a second Killing vector which, with the Killing vector generating 
the axial symmetry, generates a two-dimensional isometry group then the two 
Killing vectors commute and the isometry group is Abelian. A similar result 
for stationary axistymmetric spacetimes was proved by CarterEJ. 

The proofs of all the above mentioned results rely heavily on the existence 
of an axis and although the assumption of the existence of an axis is reasonable 
in many circumstances, there are numerous situations where an axis in a cycli- 
cally symmetric manifold may not exist. The 'axis' may be singular due to line 
sources and so not part of the manifold proper or the topology of the manifold 
may be such that no axis exists as is the case for the standard two-dimensional 
torus embedded in three-dimensional Euclidean space. In the next section the 
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condition for the existence of an axis will be discarded and the following re- 
sult will be proved: any two-dimensional Lie transformation group which acts 
on an n-dimensional manifold A4 and which contains a one-dimensional sub- 
group acting cyclically on must be Abelian. In subsequent sections three 
and higher dimensional Lie transformation groups will be considered and their 
structure shown to be severely restricted by the existence of a one-dimensional 
subgroup with circular orbits. 

2 Cyclically Symmetric Manifolds Admitting a G2 

Suppose Xq is the Killing vector field associated with the cyclic isometry acting 
on Ai and let M be the open submanifold of Ai on which Xq ^ 0. The orbit 
of each point of TV under the cyclic symmetry is a circle. Let be a circular 
coordinate running from to 27r which parameterises elements of S0{2) in the 
normal way. Then we can introduce a coordinate system x* with i — 1 . . .n 
and — (j) adapted to Xq such that Xq — d^. 

Suppose that the isometry group of M admits a two-dimensional subgroup 
G2 containing the cyclic symmetry and let Xq and Xi be a basis of the Lie 
algebra of G2. Li an adapted coordinate system the commutator relation of 
the Lie algebra of G2, 

[Xo Xi]^aXo + bX2 (1) 
where a and b are constants, reduces to 

-bX^ ^^'^-a + bX' 

where Greek indices range over the values 2 . . .n. An elementary integration 
gives 

= Bt'{x'')e'"t' X\ = A(a;'')e'"^ -f ajb for 6^0 
X^ = B^'\x'') X\ = Aix"") ^ a<\) for 6 = 

where A and are arbitrary functions of integration. If Xi is to be single- 
valued on M 1 then these solutions must be periodic in with period 27r. This 
can only occur if a = 6 = and so from Eq. G2 must be Abelian. 

The dimensionality of the manifold, the existence of a metric and the 
fact that the transformation group is an isometry group are not used in the 
proof. Hence we have shown that any two-dimensional Lie transformation 
group which acts on an n-dimensional manifold M. and which contains a one- 
dimensional subgroup with cicular orbits, must be Abelian. Thus a fortiori 
the result holds when the G2 is group of motions, conformal motions, afline 
collineations or projective coUineations. This remarkably simple and general 
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result has appeared in the hterature previously (for example Bicak & Schmidtu) 
but is perhaps not widely known. 

3 Cyclically Symmetric Manifolds Admitting a G3 

Suppose that M. admits a three-dimensional Lie transformation group G3 con- 
taining a one-dimensional subgroup acting cyclically on Ai generated by the 
vector field Xq. Let Xi and X2 be vector fields on Ai which, with Xq, form 
a basis of the Lie algebra of G3. Now either this Lie algebra admits a two- 
dimensional subalgebra containing Xq or there is no such subalgebra. 

In the former case this subalgebra is Abelian by the result proved in the 
previous section. We may assume, without loss of generality, that Xq and Xi 
form a basis of this subalgebra and consequently the commutation relations 
involving Xq can be written in the form 

[Xo Xi] = [Xo X2] - aXn + bXi + 0X2 

where a,b and c are constants. In a coordinate system adapted to Xq in which 
-'^0 = d4> these equations become 

dX{ dX'^ 



— -0 -^=aSl + bXl+cX^2 

On integrating these equations and using the fact that Xi and X2 must be 
periodic in cf) with period 2tt, we may deduce that a — b — c — 0. Thus Xq 
commutes with both Xi and A2. The remaining basis freedom preserving Xq 
is 

Xi = aXi + 13X2 + XXq X2 = 7^1 + 5X2 + fiXQ 

subject to the condition aS — (3^ ^ 0. Using this basis freedom we may reduce 
the commutators of the Lie algebra of G3 to one of the following forms 

[Xq Xi] = [Xq X2\ = [Xi X2] = Bianchi type I 

[Xo Xi] = [Xq X2] = [Xi X2] = Xq Bianchi type II 
[Xq Xi] = [Xq X2] = [Xi X2] = X2 Bianchi type III 

These are the canonical forms for the commutators of Bianchi types I, II and 
III algebras given by PetrovB (apart from renumbering of the basis vectors for 
type III). 

If the Lie algebra of G3 has no two-dimensional subalgebra containing Xq, 
we may always choose basis vectors Xi and X2 such that the commutation 
relations involving Xq become 

[Xq Xi] = X2 [Xq X2] = aXo + bXi + 0X2 
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where a, b and c are constants. In terms of a coordinate system adapted to 
Xq in which Xo ~ these become 

A straightforward integration of these equations reveals that, for solutions 
periodic in with period 2tt, we must have c = and b = —n? for some positive 
integer n. Then by a redefinition of the basis vector Xi = nXi — a/nXo, we 
can set a = 0. Hence the commutation relations become 

[Xo Xi] = nX2 [Xo X2] = -nXi [Xi X2] = dX^ + eXi + /X2 

where d, e and / are constants. The Jacobi identity 

[Xo [Xi X2]] + [Xi [X2 Xo]] + [X2 [Xo Xi]] = 

implies that 

[Xo (dXo + eXi + /X2)] - n(eX2 - /Xi) = 

Thus e = / = 0. Three algebraic distinct types arise: namely Bianchi types 
Vllg = 0, VIII or IX depending on whether d = 0, < 0, > respectively. The 
commutation relations may be written in one of the following forms 

[Xo Xi] = nX2 [Xo X2] = -nXi [Xi X2] = Bianchi type VII,^o 

[Xo Xi] = nX2 [Xo X2] = -nXi [Xi X2] = -Xq Bianchi type VIII 
[Xo Xi] = nX2 [Xo X2] = -nXi [Xi X2] = Xo Bianchi type IX 

where, in the last two types we have set d = =Fl by the rescaling 

Xi - 1/v^Xi X2 = l/v^X2 

These commutators are closely relatecLto the canonical forms of Bianchi types 
VIIg=o, VIII and IX given by Petrovcl. To get the canonical forms we would 
need to scale Xq to set n = \. However this cannot be done whilst preserving 
both the equation Xq = and the 27r periodicity of the coordinate (j). 

Only six of the nine Bianchi types can occur; Bianchi types IV, V and VI 
are excluded. Note also that canonical forms of the algebras of Bianchi types 
VI and VII depend on an arbitrary real parameter q and so each contain an 
infinite number of algebraically distinct cases; those in type VI are excluded 
completely and of those in type VII only a single case, g = 0, can occur. 
Moreover in all the Bianchi types that are permitted, the cyclic vector Xo is 
aligned with a vector of a basis in which the commutation relations take their 
canonical form. 
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4 Cyclically symmetric manifolds admitting a Gm+i 

Suppose now that M admits an {m+ l)-dimensional Lie transformation group 
Gm+i containing a one-dimensional subgroup acting cyclically on A4 generated 
by the vector field Xq. Let Xa be vector fields on Ai which, with X^, form 
a basis of the Lie algebra of Gm+i- Here and below indices a, b and c take 
values in the range 1 . . . m. The commutators involving Xq may be written in 
the form 

[Xo Xa] = ClXb + DaXo (2) 

where and Da are constants. 

If we introduce new basis vectors Xa given by Xa = Pa^b, the structure 
constants transform as follows 

C = PCP^ D = PD 

where for simplicity we have used standard matrix notation. Using these trans- 
formations we can reduce C to Jordan normal form. In what follows we will 
work in a basis in which the structure constants are in Jordan normal form 
but, for typographic simplicity tildes will be omitted. 

In terms of a coordinate system adapted to Xq in which Xq ~ the 
commutation relations in Eq. (||) become 

= C'aXi: ^ = C'aXl + Da (3) 

where Greek indices range over 2 . . .n. If the solutions of these equations are 
to be periodic in cf) with period 27r, then the eigenvalues A of C must either 
be zero or of the form A = ±m where n is a positive integer. Moreover all of 
the Jordan blocks must be simple or equivalently the minimal polynomial of 
C must have no repeated factors. 

Suppose without loss of generality that C has p {0 < 2p < m) eigenvalues 
of the form irij (rij positive integers and I < j < p) with corresponding 
complex eigenvectors Zj = X2j + iX2j-i plus to — 2p zero eigenvalues with 
corresponding real eigenvectors Xk {2p-\- 1 < < m). Choosing these m (real) 
vectors Xa as the basis vectors, the commutators become 

[Xo X2j-i] = njX2j for 1 < j < p 

[Xq X2j] = -njX2j-i and < 2p < to (4) 

[Xo Xk] =0 for 2p + 1 < A: < TO 

In the above commutators the structure constants Da that appeared in Eq. 
have been set to zero. This is valid since, for 2p-|- 1 < /c < to, the vanishing of 
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Dk is a consequence of the periodicity of the solution of the second of Eqs. 
which reduces to 




For 1 < j < p, D2j-i and D2j can be set to zero by a transformation of the 
basis vectors of the form 

X2j-i — X2j-i — D2j/njXo X2j = X2j + D2j-i/njXo 

Thus even in the general case the existence of a one-dimensional group 
acting cyclically on the Ai imposes quite strong restrictions on the allowed 
form of the commutation relations involving Xq. Also the results of sections 2 
and 3 can be seen to be special cases of the general result just proved. 

For the G4 case {m = 3) two classes of algebra arise with commutators 



corresponding to the cases p ~ and p = 1 in Eq. respectively. 

The Jacobi identities further restrict the structure constants appearing in 
the remaining commutators. In fact it is possible to enumerate completely the 
four-dimensional algebras of G4 groups compatible with, cyclic symroetry and 
to relate them to the eight types listed by KruchkovichEl and PetrovQ in their 
complete classification of all four-dimensional Lie algebras. Examples of all 
eight of the types can occur, but in many cases only a zero-parameter or one- 
parameter subset of a two-parameter Kruchkovich-Petrov type is permitted 
and some subclasses of the Kruchkovich-Petrov types are excluded completely. 
Furthermore the vector Xq generating the cyclic subgroup is always nicely 
aligned with the canonical bases used by Kruchkovich and Petrov. A complete 
account of the results for G4 will appear elsewhere. 
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